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Abstract 

Let and be simple vertex operator algebras satisfying cer- 
tain natural uniqueness-of-vacuum, complete reducibility and cofinite- 
ness conditions and let F be a conformal full field algebra over 
V^. We prove that the qr-qr-^icaces (natural traces involving qr = 
g27rir g^j^^ q- _ g27rir~) geometrically modified genus-zero correlation 
functions for F are convergent in suitable regions and can be extended 
to doubly periodic functions with periods 1 and r. We obtain neces- 
sary and sufficient conditions for these functions to be modular in- 
variant. In the case that = and F is one of those constructed 
by the authors in (HKj, we prove that all these functions are modular 
invariant. 



Introduction 

In this paper, we construct genus-one full conformal field theories (genus-one 
conformal field theories with both chiral and anti-chiral parts) from genus- 
zero full conformal field theories. More precisely, we construct genus-one 
correlation functions from genus-zero correlation functions for a conformal 
full field algebra over ® in the sense of |HKj . where and 
are vertex operator algebras satisfying certain natural uniqueness-of-vacuum, 
complete reducibility and cofiniteness conditions (see below). 

Since Kontsevich and Segal (see [SI], |E2] and [HS]) gave a geometric def- 
inition of (two-dimensional) conformal field theory in 1987 by axiomatizing 
the properties of path integrals used by physicists, constructing conformal 
field theories satisfying this definition became an important unsolved mathe- 
matical problem. Around the same time, E. Verlinde ^ and Moore-Seiberg 
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see also |MS3j ) made a major breakthrough by discovering the 
relation between fusion rules and modular transformations and the modu- 
lar tensor category structures associated to rational conformal field theories, 
assuming that these theories had been constructed. 

For some of the applications of conformal field theories (for example, 
for the construction and study of knot and three-manifold invariants and 
the proof of the Verlinde formula in algebraic geometry), a construction of 
modular functors introduced by Segal jHS] [SHj is enough. See, for example, 
|Tuj and |BKj for the construction of some examples of modular functors. In 
|Hllj (see also |H8j for an announcement and |H9j for an exposition), the first 
author constructed modular tensor categories from representations of vertex 
operator algebras satisfying the conditions mentioned above. Combining with 
the results in |Tuj and |BKj . this result of |Hllj in fact gives a construction 
modular functors from representations of vertex operator algebras satisfying 
the conditions alluded above. 

However, for some other applications, modular functors are far from 
enough. One extreme example is the conformal-field-theoretic construction 
used in Frenkel-Lepowsky-Meurman's proof of the McKay-Thompson con- 
jecture on the existence of the moonshine module |FLMj and in Borcherds' 
proof of the Monstrous moonshine conjecture jB]. In this example, the mod- 
ular functor associated to the moonshine module vertex operator algebra is 
actually trivial and thus does not play any role. On the other hand, we know 
that the construction of the moonshine module vertex operator algebra by 
Frenkel-Lepowsky-Meurman and the proof of the Monstrous moonshine con- 
jecture by Borcherds can be interpreted as one of the deepest applications of 
conformal field theory. 

A program to construct conformal field theories was first initiated by 
I. Frenkel even before Kontsevich and Segal gave their geometric definition of 
conformal field theory. Under the direction of I. Frenkel, He |Tsj constructed 
genus-zero and genus-one parts of conformal field theories associated to tori. 
Tsukada constructed not only chiral theories but also full theories which con- 
tain both chiral and antichiral parts. In jHI], jHSl, [HS], jE], [HS], |H6] and 
|H7j . the first author constructed chiral genus- zero and genus-one conformal 
field theories from representations of vertex operator algebras satisfying suit- 
able conditions. In .1 1 l\j . the authors constructed genus-zero full conformal 
field theories from representations of vertex operator algebras satisfying the 
conditions mentioned above and given precisely below and in Section 3 (see 
also lEH and Hg). 
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The present paper is a continuation of the paper |JiKj and the results 
obtained in the present paper can be viewed as one step in a program of 
constructing conformal field theories from representations of vertex operator 
algebras. As is mentioned above, we construct genus-one full conformal field 
theories in this paper. More precisely, let and be simple vertex 
operator algebras satisfying the following conditions for a vertex operator 
algebra V: (i) For n < 0, V(„) = 0, V(o) = CI and W(o) = for irreducible 
\^-module W not isomorphic to V. (ii) Every N-gradable weak l^-module 
is completely reducible, (iii) V is C2-cofinite, that is, dimV^/C2(V^) < oo, 
where C2{V) is the subspace of V spanned by elements of the form U-2V 
for u,v G V. Let F be a conformal full field algebra over ® (see 
|HKj or Section 1 for the definition and basic properties). We construct 
genus-one correlation functions using qr-q^-tiaces (natural traces involving 
qr = e^'^*'^ and = e^'^*'^) of geometrically modified genus-zero correlation 
functions for F. We prove that these functions are doubly periodic and we 
obtain conditions which are equivalent to the modular invariance of these 
functions. When = = V and F is the conformal full field algebras 
over V^V constructed by the authors in |HKj . we prove that these conditions 
are satisfied and thus all these functions are modular invariant. 

We note that based on the existence of the structure of a modular ten- 
sor category on the category of modules for a vertex operator algebra, the 
existence of conformal blocks with monodromies compatible with the mod- 
ular tensor category and all the necessary convergence properties, Felder, 
Frohlich, Fuchs and Schweigert |FFFSj . Fuchs, Runkel, Schweigert and Fjel- 
stad jFRHTj [FRS2J [FRS3 [F K^ |FR3t5] |F.iFRSl| |F.iFRS2| , and Fr5hhch, 
Fuchs, Runkel and Schweigert |FrFRSj studied open-closed conformal field 
theories (in particular full (closed) conformal field theories) using the the- 
ory of tensor categories and three-dimensional topological field theories. In 
particular, they constructed correlation functions as states in some three- 
dimensional topological field theories. In iJIKj and the present paper, what 
we need in our work are theorems proved by the first author in |H6j . |H7j . 
|H10j and |Hllj when the vertex operator algebras we start with satisfy some 
natural conditions. Our work in jHK| and the present paper not only re- 
placed these fundamental but hard-to-verify assumptions by natural, purely 
algebraic and easy-to-verify conditions on vertex operator algebras, but also 
constructed explicitly genus-zero and genus-one correlation functions from 
intertwining operators for the vertex operator algebras. 

The present paper depends heavily on the results obtained in |H7j . even 



3 



more heavily than the papers |H10j and |Hllj . In |H10j and |Hllj . we need 
only the properties of certain special two-point genus-one chiral correlation 
functions obtained in [HT], namely, those obtained from iterates of inter- 
twining operators with the intermediate modules being the vertex operator 
algebra itself. In this paper, we need the full strength of the results obtained 
in |H7j . In particular, using the results of |H7j . we prove a symmetry property 
of the matrix elements of the actions of the modular transformation t \—>- 

T 

on the space of one-point genus-one correlation functions (Theorem I4.13|) . 
which is a generalization of the symmetry property of the matrix elements of 
the action of the same modular transformation on the space of vacuum char- 
acters (Theorem 5.6 in |H10j ). This generalization is exactly what we need 
in Section 5 to prove the modular invariance of the genus-one correlation 
functions for the conformal full field algebras constructed in |HKj . To prove 
Theorem 14.131 we prove an explicit formula ()4.24|) for these matrix elements. 
In the case that a = e, we recover the formula for the matrix elements of the 
action of the same modular transformation on the space of vacuum charac- 
ters, obtained first by Moore-Seiberg from the Verlinde formula and proved 
for vertex operator algebras satisfying the conditions above by the first au- 
thor in jH7j . Note that in the case a = e this formula ()4.24j) was shown 
Hllj to be equivalent to the nondegeneracy property of the semisimple 
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ribbon (tensor) category of modules for the vertex operator algebra. In the 
special case of discrete series, a formula for these matrix elements was given 
in IMS3]. 

The present paper is organized as follows: In Section 1, we recall the basic 
definition and constructions in the theory of conformal full field algebras 
over (8> given first in |HKj . In Section 2, we recall the chiral genus- 
one theory constructed from intertwining operator algebras in |H7j . These 
two sections are given here for the convenience of the reader. The reader 
is referred to |HKj and |H7j for more details. In Section 3, we prove the 
convergence of g^-^^-traces of genus-zero correlation functions in suitable 
regions and show that these can be extended to doubly periodic functions 
with periods 1 and r. We also give conditions which are equivalent to the 
modular invariance of these functions in this section. In Section 4, we study 
the matrix elements of the action of the modular transformation S* : r i— *■ — - 

r 

on chiral genus-one correlation functions. In particular we obtain an explicit 
formula for these matrix elements. This formula allows us to derive a a 
symmetry property of these matrix elements. In Section 5, for the conformal 
full field algebras constructed in |HKj . we prove the modular invariance of 
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the correlation functions using the results obtained in Sections 3 and 4. 

Acknowledgment The first author is partially supported by NSF grant 
DMS-0401302. 

1 Conformal full field algebras 

In this section, we recall the notion of conformal full field algebra over ® 
yLR introduced in jHKj and review the construction of conformal full field 
algebras over V^^ when = satisfying suitable conditions given 
in the same paper. See |HKj for more details and other variants of full field 
algebras. 

Let F„(C) = {{zi, . . . ,z.^) e \ Zi ^ Zj if i ^ j}. For an M x M-graded 
vector space F = Ur,smPir,s), let F' = Ur,sm^{r,s) and F = Ilr.seM be 
the graded dual and algebraic completion of F, respectively. For r, s G R, let 
Pr,s be the projection from F or F to F(^r,s)- A series ^ in F is said to be 
absolutely convergent if for any /' e F', ^ |(/', is convergent. The sums 

I (/', fn) I for /' £ F' define a linear functional on F'. We call this linear 
functional the sum of the series and denote it by the same notation Y2fn- If 
the homogeneous subspaces of F are all finite-dimensional, then F = {F')* 
and, in this case, the sum of an absolutely convergent series is always in F. 
When the sum is in F, we say that the series is absolutely convergent in F. 

Definition 1.1 Let {V^, Y^, 1^, u^) and {V^, Y^, 1^, u^) be vertex opera- 
tor algebras. A conformal full field algebra over ® is an M x M-graded 
vector space F = -^(r,s) (graded by left conformal weight or simply left 

weight and by right conformal weight or simply right weight), equipped with 
correlation function maps 

rUn : F®" X F„(C) ^ F 

{Ui0---®Un,{Zi,...,Zn)) ^ mn{ui, . . . , Un] Zi, Zi, . . . , Zn, Zn) , 

for n G Z_|_, an injective grading-preserving linear map p from the 
to F satisfying the following axioms: 

1. There exists M e M such that F(^r,s) = if n < M or m < M. 

2. dimF(r^5) < oo for m, n G R. 
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3. For n G m„(Mi, . . . , m„; Zi, zi, . . . , Zn, Zn) is linear in ui, . . . , Un and 
smooth in the real and imaginary parts of Zi, . . . , 

4. For u e F, mi (it; 0, 0) = u. 

5. For n e Z+, mi, . . . , m„ e F, 

^n+l('^l) ■ ■ ■ ) l^ri) 1; -Zl, ^1, ■ ■ ■ , ^ri) ^n; Zn+1, ^n+l) 
— ^n('^l) ■ ■ ■ ) '^nj -^■l) -2^1) ■ ■ ■ ) -2^n) ^n)i 

where 1 = p(l-^ 1-^). 

6. The convergence property: For /c, Zi, . . . , e Z+ and it^^^ . . . , it|^\ . . . , iii*^\ 
. . . , W;^^ e F, the series 



-^Zi > ^1 ' ^1 ' • • • ' ' /i ■ ■ ■ ' 

ri,si,...,rfe,Sfc 

(fc) Jk) _(fc) ^(fc) -(fc)v ^(0) -(0) (0) (0) 



(1.1) 

converges absolutely to 

^(1) , ^(0) ^(fc) , ^(0) -(fc) , -(0) (fc) (0) (fc) (0)^ 

(1.2) 

when Izp-*! + 14'''' I < 1^°'' ^ ^f^\ foi" — l,---,^, « 7^ j and for 
p = 1, . . . , /j and q— 1, . . . 

7. The permutation property: For any n e Z_|_ and any cr e tS^, we have 

^Ti('^li • • • I ^ri) ^1) ^1) • • • 5 ^nj ^n) 

)) (1-3) 

for wi, . . . , ii„ e F and {zi,...,Zn) e F„(C). 

8. Let _ 

Y : X ^ F 

(it i", -z, ^) I— > Y(it; z)i; 
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be given by 

Y{u; z, z)v — 777.2(1* <S> v; z, z, 0, 0) 

for u,v e F. Then 

for u^,v^ E V^, u^,v^ E V^, and there exist operators L^{n) and 
L^{n) for n e Z such that 



neZ 

9. The single-valuedness property: ^'^'^'^i^^ = J^. 

10. The L^{0)- and L^{0)-grading properties: For r,sEM. and u E F(^r,s), 

L^{0)u = ru, 

11. r/ie -£'^(0)- arac? L^{0)-bracket properties: For u E F, 

\L^{0),Y{u;z,z)] = z-^Y{u;z,z)+Y{L^{Q)u;z,z) (1.4) 
[L«(0),Y(m;;2,^)] = z^Y{u;z,z)+Y{L'^{0)u;z,z). (1.5) 

12. The L^(— 1)- and L^{—l)-derivative property: For u E F, 

[L'^{-l\Y{u;z,z)] ^Y{L'^{-l)u;z,z) ^ -^Y{u;z,z), (1.6) 
[L«(-1),Y(«;^,^)] =Y(L«(-1)m;;.,^) = ^Y(«;;.,^). (1.7) 

Wc denote the conformal full field algebra over defined above 
by (F, m, p) or simply by F. In the definition above, we use the notations 

^n('^l) ■ ■ ■ ) "ani ^1 ■ ■ ■ 1 Zfii Zn) 



instead of 

mn{Ui,...,Un;Zi,...,Zn) 

to emphasis that these are in general not holomorphic in zi,...,Zn. For 
u' e F', ui, . . . ,Un e F, 

{u', m„(Mi, . . . ,Un;Zi,Zi. . . , Zn, Zn)) 

as a function of zi, . . . , Zn is called a correlation function. The map Y is 
called the full vertex operator map and for u E F, Y(m; z, z) is called the full 
vertex operator associated to u. The element p(l ® 1) is called the vacuum 
of F. The elements p{uj^ ® 1^) and ®uj^) are called the left conformal 
element p{uj^ ® 1^) and right conformal element, respectively. 

Homomorphisms and isomorphisms for conformal full field algebras over 

® are defined in the obvious way. 

For a conformal full field algebra over ® V^, a formal full vertex 
operator map 

Yf.F^F F{x,x} 

u®v ^ yf{u;x,x)v 

was obtained in |HKj such that 

Y(tt, Z, Z) Yj(u, X, X) |^.r_grlogz^57S_gslogz^^^gg]U 

for u E F and z G C ^ . We can also substitute ^ and 6**'°^ ^ for x^ and a;^ 
to obtain Y{u; z, () for u E F. 

For the operators L^{n) and L^{n) for n G Z, we have the following 
bracket formulas: For m,n E Z, 

[L^(m),L^(n)] = (m - n)L^(m + n) + — (m^ - m)5^+„,o, 

[L^(m),L^(n)] = (m - n)L^(m + n) + — (m^ - m)(5„+„,o, 
[L^(m),L^(n)] = 0. 

Let F be a module for the vertex operator algebra and y an 
intertwining operator of type {pp}- In [HK], a splitting Y-^ : {F ^ F) x — 
F and a formal splitting Y^ : F ® F — F{x, x} of 3^ are constructed. 
Substituting e^^°^^ and e*^°^'' for and x'' in the images oi F ®F under Yj, 
we obtain an analytic splitting Y^^^ : {F ® F) x (C^ x C^) ^ F. 

One of the main result of |HKj is the following theorem: 
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Theorem 1.2 Let and be vertex operator algebras satisfying the fol- 
lowing conditions for a vertex operator algebra V : (i) Every C-graded L{0)- 
semisimple generalized V -module is a direct sum of C-graded irreducible V- 
modules. (ii) There are only finitely many inequivalent C-graded irreducible 
V -modules and they are all W-graded. (Hi) Every W-graded irreducible V- 
module W satisfies the Ci-cofiniteness condition, that is, dimW/Ci{W) < 
oo, where Ci{V) is the subspace of V spanned by elements of the form UiW 
foru G y+ = IJn>o ^(") '^'^'^ ^ ^ ■ Then a conformal full field algebra over 

(8> is equivalent to a module F for the vertex operator algebra ® 
equipped with an intertwining operator y of type (^) and an injective module 
map p : (8) — > F, satisfying the following conditions: 

1. The identity property: 3^(p(l^ ® l^),a;) = Ip- 

2. The creation property: For u & F, liniaj^o y{u, x)p{l^ <S> 1^) — u. 

3. The associativity: For u,v,w & F and w' e F' , 

{w',Yl^{u-Z,Xl)'^Uv\Z2X2)w) 

= {w\ Y^JY^J«; - Z2, Ci - (2)^;; Z2, C,2)w) (1.8) 
holds when \z\\ > \z2\ > and |Ci| > IC2I > 0. 

4. The single-valuedness property: 

g2.^(L^(0)-L«(0)) ^ (i_g) 

5. The skew symmetry: 

Y^iu; 1, 1)^; = e^''(-i)+^''(-^)Y^(^;; e'^\ e-'^>. (1.10) 

Let \^ be a simple vertex operator algebra satisfying the following: 

Condition 1.3 (uniqueness of vacuum) For n < 0, V(„) ~ and V(o) = 

CI and for irreducible ^-module W not isomorphic to V, W(^o) — 0. 

Condition 1.4 (complete reducibility) Every N-gradable weak l^-module 
is completely reducible. 
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Condition 1.5 (C2-cofiniteness) is C2-cofinite, that is, diml^/C2(V") < 
oo, where C2(y) is the subspace of V spanned by elements of the form 'U_2f 
for u,v E V. 

We now recall the construction of conformal full field algebras over V^V 
in [HEj- 

Let A be the set of equivalence classes of irreducible \^-modules. For any 
a G we choose a representative from a. Then there exists /i^ G M such 

that = UnezW^n+h.y 

For a single- valued branch Z2) of a multivalued analytic function in 

a region A, we use E{fi{zi, Z2)) to denote the multivalued analytic extension 
together with the preferred branch fi{zi,Z2). Let wi = wi{zi,Z2) and W2 = 
u!2{zi, Z2) be a change of variables and f2{,zi, Z2) a branch of E{fi{zi, Z2)) in 
a region B containing Wi{zi, Z2) = and W2{zi, Z2) = such that An B 
and fi{zi, Z2) = f{zi, Z2) for {zi, Z2) E A\~\ B. Then we use 

E{fi{zi,Z2)) 

to denote the coefficient of w^^ in the expansion of /2 (2:1, -22) as a series in 
powers of wi whose coefficients are analytic functions of W2. 

For ai,a2,a3 G A, Wa, G Wa, G Wa'^ G (W^)', <^ G (W^^y, 

G and 3^2 G V^^, Let (3^i, 3^2)v„^3^^ G C be given by 

Resi_,,_,,=o I .2(1 - ^1 - ;22)-'^((e^(^)3^2((l - zi - Z2)''^°^<, ^iX, 

e^«3^l((l-^l-Z2)^^°)iI'a„^2)iI'a,)) 
= «,^/;a.)«,^a2)(3^1,3^2)v."3,,- (1-11) 

It was shown in |HKj that (3^i, 3^2)v''3 indeed exists. Clearly, (3^i, 3^2)v°3 is 

a' 

bilinear in and 3^2- Thus we have a pairing (-, ■)v'^3 : V^'f„„ <S) VJ, — > C. 

J. \ / / Va^a2 "-lu-z (l^(l2 

The following is another main result of |HKj : 

a' 

Theorem 1.6 The pairing (■, ■)v^3^ : V^'f^^ ® '^J^.' ^ zs nondegenerate. 
In particular, N^^,^ = N^'f^^ . 

Recall that in |H10j . an action of 5*3 on the space of intertwining operators 
for a vertex operator algebras was given. We choose a canonical basis of V^^^^ 
for ai, 02,03 G A when one of 01,02,03 is e: For o G ^, we choose y^^-i to 
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be the vertex operator Yyya defining the module structure on and we 
choose y^e i to be the intertwining operator defined using the action of ai2 
on choose y^a i: or equivalently, using the skew-symmetry in this case, 

= e^''^-'^y:,.^,{u,-x)w, 

for M G y and Wa G W"". Since V as the contragredient of the irreducible 
adjoint module V is an irreducible V^-module (see |FHLj and has a nonzero 
homogeneous subspace of weight 0, as a V^-module it must be isomorphic to 
V. So we have e' = e. From jFHLj . we know that there is a nondegenerate 
invariant bihnear form (•, •) on V such that (1,1) = 1. We choose yaa' i = 
yia'-i to be the intertwining operator defined using the action of (T23 by 

yla';! = Cr23(3^ae;l)) 

that is, 

for u G V, Wa & W"" and Wa' G W""' . Since the actions of 0"i2 and (T23 generate 
the action of S'3 on V, we have 

yi'a;l = ^12(3^aa';l) 

for any a E A. 

As in |HK] , for a G A, let 

Fa = F{yi.^, ® yi,,.^,- y:,.^, ® yi,.,) ^ o 

and we use \/F\, to denote the square root v^e^ of F,. For ai, 02, 03 G 
A, consider the modified pairings 



(13 
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F a/F 



These pairings give a nondegenerate bilinear form (-, ■)v on V. For any basis 
{yilar, M = • • • , Kla^} of V:ia2 and any a G ^3, M = . . . , iV»3^J 

is a basis of ^"(V^^^a^)- 

We have the following result from jHKj : 
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Proposition 1.7 The nondegenerate bilinear form (■,-)v is invariant with 
respect to the action of S3 on V, that is, for Oi, 02, 03 G cr G ^3, G V^f^^ 

andy2 G V^?^,^, 

K3^i),f^(3^2))v = (3^i,3^2)v. 
Equivalently, for oi, 02, 03 G 



zs the dual basts of{a{y:iJ M = • • • , Kla,), where {yZ^^.^, M = • • • , iV,%} 
zs a 6aszs of V^'f^^^ and {3^^'"^/^.j | « = . . . , A^afa2} ^-^ '^^^ ^'"^^ &aszs wt/i respect 
to the pairing (-, ■)v^j'„2' 

Let 

For G W^^S e W^''^ Wa'j G W"'^ and G W^^a, we define 

= 5Z yT,arA'^a,,z)Wa,®y'^>^..^{Wa'^,z)Wa'^. 
asGA p=l 

In |HKj . we proved the following result: 



Theorem 1.8 The quadruple {F, Y, 1 C?) 1, 1, 1 ® cj) is a conformal full 
field algebra over V . 

2 Modular invariance for intertwining oper- 
ator algebras 

In this section, we review the modular invariance of intertwining operator 
algebras proved in |H7j . We assume in this section that ^ is a simple vertex 
operator algebra satisfying Conditions II .41 and 11.51 and the condition that for 
n < 0, V(„) = and V(o) = CI. Note that the last condition is weaker than 
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Condition 11.31 We shall use Y to denote the vertex operator maps for the 
algebra V and for V- modules. 

Let Aj, j G Z+, be the complex numbers defined by 



^log(l + 2vrzy) = ^exp (^J^ ^^'^''''^j 



y- 



For any V-module W, we shall denote the operator J2jez ^j-^(i) ^ by 
L+{A). Then 



Let 

Uix) = (27r«)^(°)x^(°)e-^''(^) G (End W){x} 
where (27ri)^(°) = e(i°g2^+^f Let Bj G Q for j G Z+ be defined by 



log(l + ?/) = exp 



Then it is easy to see that 

For any 2; G C, we shall denote e^'^" by and we shall also use U{qz) to 
denote the the map obtained by substituting e^'^^^^^^^ for x^^'^^ in U{x), that 
is, 

U{q,) = (27rO^(°)e^-*^^We-^^(^) 

= e2-^^^(°)e-^^(^)(27r«)^(°). (2.1) 

For V^-modules and Wi, i = 1, . . . ,n, intertwining operators 3^j, i = 
1, . . . , n, of types (^'^^^J , respectively, where we use the convention Wq = Wn, 
and Wi G Wi, i = 1, . . . ,n, we shall consider the element 

= Tic^yr,{U{q,,)w,,q.,) ■ ■ ■ 3^i(w(g.Jw^n, g^Jg''^"^'^ (2.2) 
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of Gkzil>->k.,J>o((g)), where for complex variables ^i, . . . ,^„, G|^i|>...>|5„|>o 
is the space of all multivalued analytic functions in ^i, . . . , ^„ defined on the 
region |Ci| > ■ ■ ■ > \C,n\ > with preferred branches in the simply-connected 
region |6| > " " " > l^n| > 0, < arg^^ < 2%, i = 1, . . . ,n. 
In |H7j . the following result was proved: 

Theorem 2.1 In the region 1 > Ig^J > ■ ■ ■ > \qz„\ > {QtI > 0, the series 

Fyi,...,yni^u ■■■,Wn;zi,..., q^) (2.3) 

is absolutely convergent and can be analytically extended to a (multivalued) 
analytic function in the region given by Q{t) > (here Q{t) is the imaginary 
part of t), Zj + kr + 1 for i, j = 1, . . . ,n, i j , k,l E Z. 

We shall denote the (multivalued) analytic extension given in Theorem 
Oby 

($(3^1 O ■ ■ • ® 3^n))(Wl, ...,Wn;Zi,..., Zn, Qr)- 

Note that in |H7j . this function is denoted by 

Fyi,...,yA'>^i, ■.■,Wn;zi,..., z„; q^). 

Here we change the notation to avoid confusions with notations related to 
algebraic extensions or to complex conjugations and also for convenience in 
later sections and for future use. 

In |H7j . the following genus-one duality results were proved: 

Theorem 2.2 (Genus-one commutativity) LetWi andWi beV -modules 
and yi intertwining operators of types (^*,^.) (i = 1, ■ ■ ■ ,n, Wq = Wn), re- 
spectively. Then for any 1 < k < n — 1, there exist V -modules Wk and 
intertwining operators yk o,nd yk+i of types (^^^^^ J and (^*"^^) , respec- 
tively, such that 

Fyi,...,yr^i'^i, . . . ,Wn;zi,. . . , Zn, Qr) 

and 

Zl, ■ ■ ■ , Zk-l, Zk+l, Zk, Zk+2, • • • ; Zn] Qr) 
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are analytic extensions of each other, or equivalently, 
($(3^1 ® ■ • ■ O yn)){wi, . . . , w„; . . . , Zn] t) 

= ($(3^1 «)•••«) yk-1 ® yk+1 ® j^fc ® yk+2 o • • • ^ 3^n))(wi, . . . , wk-i, 

Wk+l, UJk, Wk+2, ■ ■ ■ , Wn'i Zl, ■ ■ ■ , Zk-1, ^fc, • • • , "T")- 

More generally, for any a G S'„, t/iere exist V -modules Wi (i = 1, . . . ,n) and 
intertwining operators y^ of types (tx!^*",!. ) (i = I, . . . ,n, Wq = Wn = Wn), 
respectively, such that 

■ ■ ■ , Zi, . . . , qr) 

and 

are analytic extensions of each other, or equivalently, 

{^{yi ® • • • (8) yn)){wu ...,Wn;Zi,..., Zn, t) 

= ($(3^1 ® • • • ® j)„) ) , . . . , w^{^n) ; ^a(i) , ■ ■ ■ , Mn) ; ■ 

Theorem 2.3 (Genus-one associativity) Let W^j and Wi for i = 1, . . . , n 

be V -modules and y^ intertwining operators of types (^'^) (i = l,...,n, 
Wq = Wn), respectively. Then for any 1 < k < n — 1, there exist a V -module 
Wk and intertwining operators yk andyk+i of types o,nd (^^'^^^^ J, 

respectively, such that 

myi o ■ ■ ■ ® yk-1 (S) yk+i ® yk+2 ® ■ ■ ■ ® 3^n))(wi, . . . , Wk-i, 

y{Wk, Zk - Zk+l)Wk+l, Wk+2, ...,Wn;Zi,..., Zk-1, Zk+l, . . . , Zn] t) 

= 5]]($(3^i ® • • • yk-1 yk+1 ® yk+2 ® • • • ® yn)){wu ■ ■ ■ , Wk-i, 

rGM 

Pr{y{Wk, Zk — Zk+l)Wk+l),Wk+2, • • • , Wm ^Ij • • • 5 ^k-l, ^k+l, . . . , Zn] t) 

(2.4) 

is absolutely convergent when 1 > IgzJ > ■■• > \qzk-i\ > \Qzk+i\ > ■■■ > 
\Qzn\ > \Qt\ > and 1 > \q(^zk-zk+i) — 1| > and is convergent to 

{^{yi (8) • • • (8) 3^n))(wi, . . . , w„; ^1, . . . , r) 

u;/ien 1 > > • • • > > \qr\ > anc? \q{zk-zk+i)\ > 1 > - 1| > 

0. 
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Let Wi be V^- modules and Wi G Wi for i = 1, ... ,n. For any V^-modules Wj 

and any intertwining operators 3^j, i = 1, . . . , n, of types {^'^) , respectively, 
we have a genus-one correlation function 

($(3^1 ® ■ ■ • ® yn)){Wi, . . . ,Wn;Zi, . . .,Zn; t). 

Note that these multivalued functions actually have preferred branches in the 
region 1 > |gj,J > ■ ■ ■ > \qzj\ > Ig^-I > given by the intertwining operators 
yi, ■ ■ ■ ,yn- Thus linear combinations of these functions make sense. For 
fixed V^-modules Wi and Wi G Wi for i = 1, . . . ,n, denote the vector space 
spanned by all such functions by J^wi,...,w„- For any single valued analytic 
function /(r) of r and any r G M, we choose a branch of the multivalued 
analytic function /{tY to be e^^°^'^^'^\ The following theorem is one of the 
main result of |H7j : 

Theorem 2.4 For any V -modules Wi and any intertwining operators yi 
(i = 1, . . . ,n) of types (^'^), respectively, and any 

^)e5L(2,Z), 



7r + 5 



L(0) 



wi,..., 



L(0) 



'JT + S 
Zl Zn 



Wr. 



ar + (5 
7r + 5 ' ' 7r + 5 ' 7r + 5 



is in J~ wi,. ..,wn' 



3 Genus-one correlation functions and mod- 
ular invariance for conformal full field al- 
gebras 

Let and be simple vertex operator algebras satisfying Conditions 
11.31 11.41 and 11.51 Let F be a conformal full field algebra over ® V^. 
In particular, F is M x M-graded, that is, F = Ur sgm -^(^:«) "W'here F(^r,s) for 
r, s G M are eigenspaces for the operators L^{0) and L^{0) with eigenvalues 
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r and s, respectively. For a linear map f : F ^ F, we define the g-g-trace of 
/ to be 

Tr^/g^^W-^g^^W-^ = ^ Tr^,„,„,/g-^r-^. 

r,seR 

As in |HKj . we choose the branches of the functions and z'"^ for r, s G M 
to be e'"'"^^ and e*^°^^, respectively. On the other hand, for the functions 
^g27r«2^r g^^^ ^^2mz^ _ ^g-27ri2-js f^j, r, s G M, wc choose their branches to be 
^2mrz ^-2msz ^ respectively. For multivalued analytic functions obtained 
from these functions using products and sums, we choose their branches to 
be the ones obtained from the branches we choose above using the same 
operations. 

Now let 

where L\{A) = E.^z^ A.L^U) and LfiA) = E,ez+ A.L^U)- % (EH) and 
our choice of the branches of the functions (e'^^^^Y and ^e^'^*^^ = (^e^^'^*^)* 
above, we have 

Wi^^ = (e2«^)i«(o)e-^+(^)(27r^)^''(o) 

For any u & F and 2; G C^, we shall call the operator 

a geometrically-modified full vertex operator. For mi, . . . , G F and zi, . . . , G 
C satisfying |e^''*''i| > ■ ■ ■ > le^'"*^*] > 0, the product 
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of geometrically-modified full vertex operators is a linear map from F to F. 
So we have the g-g-trace 



.^L-(0)-||-L«(0)-|^_ (3.1) 

As a module for the vertex operator algebra V'" ® V^, F is a direct sum 
of irreducible modules for ® V^. Let («^^) be the set of equivalence 
classes of irreducible modules for {V^)- For each e {a^ e A^), 
choose a representative W"' {W"" ) of {a^)- Then there exist a positive 
integer N and maps : {1, . . . , N} A^, : {1, . . . , N} — > A^ such that 
F is isomorphic as a l^-^-module to Un=i M^*"^^"^ <8) W^'^^"'\ We now 
shall identify the vector space F with this V'" F^-module. Then the full 
vertex operator map can be written as 

l,m,n=l i=l j=l 

where dl'J;!'^] E dor l.m.n — 1, . . . , N, i — 1, . . . , N^^r^K \, i — ■ ■ ■ , N^Rr''\ ri 
and p, q any indices, and 



l.^r^(m)r^(n);i I ) ■ ■ ■ ) r^(rn)r^(n)J 

e basis of V^Lr 
For T e H, let Qt — e^"*^. we have: 



and 



for /, m, n = 1, . . . , are basis of V^^J^^^i^^^ and V^hJ^^^h^^^, respectively. 
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Proposition 3.1 Forui, . . . ,Uk & F , the q-q-trace with q = q^- is abso- 
lutely convergent when 1 > \e^'^'^^^ \ > ■ ■ ■ > je^'^*^*! > Ig^-I > 0. Moreover, the 
sum of this q-q-trace can be analytically extended to a multi-valued analytic 
function of Zi,^i, . . . , Zk,C,k, t and a in the region given by Zi ^ Zj + m + nr 
for i ^ j and m,n & Z and ^ ij + rn + na for i ^ j and m,n E Z, with 
the sum of the q-q-trace with q = qr as a preferred value at the special 
points 

{zi,^i = zi, . . . , Zk, ik = Zk] T,a = -t) 
satisfying 1 > |e^''*''i| > ■ ■ ■ > |e^''*'''=| > > 0. 

Proof. This result follows immediately from ()3.2p and the convergence and 
analytic extension properties for g-g-traces of intertwining operators for the 
vertex operator algebras and V^. I 



Recall from |HKj the (genus-zero) correlation functions 
mfc(ui, . . .,Uk; zi,zi, . . .,Zk,Zk) 
for /c G and Ui, . . . ,Uk E F and their analytic extensions 
E{m)k{ui, . . . ,Uk; ZiXi, ■ ■ ■ , Zk, Ck)- 

The functions 



k ^ 



are called geometrically-modified (genus-zero) correlation functions. 
Corollary 3.2 For Ui, . . . ,Uk E F , 

Tr^E(m)fc(W^(e2-'^0W'^(e"'"'^^)e-"*''''(°)ui, 

. . . , e^^^^S e2"*«*)gf ^"^"^gr^"^""^ (3.3) 

is absolutely convergent to a multi-valued analytic function of zi,^i, . . . ,Zk, ^k, 
T and a in the region given by 1 > | e^'^*^^ | , . . . , | e^'^*^'' | > \qr\ > 0, 1 > 
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|e^'^*^i|, . . . , |e^'^*^*| > Ig^-I > 0, Zi ^ Zj for i ^ j and 7^ for i ^ j and 
m,n In particular, the qr-q--trace 



. . . , 



absolutely convergent when 1 > |e^'^*^i|, . . . , |e^'^*^'' | > |g^| > and 2;j 7^ 
/ori 7^ j. 

Proof. The terms in the series i\3.'d\i are the analytic extensions of the terms 
in ()3.H) . From Proposition 13.11 ()3.ip is absolutely convergent and can be 
analytically extended to the region given by Zi 7^ Zj + m + nr for i ^ j 
and m,n E Z and 7^ + rn + na for i ^ j and m, n G Z. We also 
know that the resulting analytic extension can be expanded as a series in 
powers of and q„ in the region given by 1 > je^'^*^^ |, . . . , |e^'^*^*^ | > Ig^-I > 0, 
1 > |e^''*^^|, . . . , |e^''*^'''| > \q„\ > 0, Zi ^ Zj for i 7^ j and 7^ for i 7^ j and 
m,n E Thus the terms of this expansion must be equal to the terms in 
the series (j3.3|) . In particular, (j3.3p is absolutely convergent. I 

We shall denote the sum of the series ()3.4j) by 

m'-f^\ui, ...,Uk; zi,zi, . . .,Zk,Zk; t,t), (3.5) 

where we use the superscript (1) to indicate that this corresponds to a genus 
1 surface. We have: 

Proposition 3.3 For any m,n E Z and i = 1, . . . , k, 

m^^\ui, . . . ,Uk; zi,zi, . . . , Zi-i,Zi-i,Zi + m + nT,Zi + m + rif, 

^i+li Zi+l, . . . , Zk, Zk', T, r) 

= m^,}\ui, ...,Uk] ^1,^1, . . .,Zk,Zk; t,t). (3.6) 

Proof. Note that 

mk (W^ (e'"'^^ )W^ (e~2"'^^ ) e-"^^''^")^! , 

. . . , W^(e2^*^'=)W^(e"2"^^'=)e-^^^''(°)Mfc; g^^^^i , e-2^*^^ . . . , e^^*^^ 6"^^^^'=) 

(3.7) 
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is a single- valued function of e^'^^^ , • • • , e^'^^'= . Thus we see that (j3.6|) holds 
when n = 0. 

Now from the permutation property for conformal full field algebras over 
®V^, we know that 

p2mzx -2-Kizx 2-KiZi-i -27ri2i_i 

c ,c ,...,c ,c , 

g27ri2i+i g-27ri2i+i g27ri2fc ^-2mzk ^2TTiZi ^--2mzi^ g"^ 

So we can assume that i = k. In this case, when 1 > \e^'^"^ \ > . . . > |e^'^*^*=| > 
\qr\ > 0, we have 



L^(0)-#_L«(0)-# 
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TrirY(Z^^(e2"^("^~"))W^(e2-»(-fe-))ufc; e^'^^^^""), e2-*(^fc-)) ■ 
■Y(W^(e2'^*^'i)W«(e2^"i)«i;e^^'^Se^^) ■ 



(3.9) 

When 1 > \e'^^i(.^k~r)^ ^ le^^^*^!] > ... > |e2'^*^'=-i| > \q^\ > 0, the right-hand 
side of ()3.9|) is actually equal to 

m'}}\uk,ui, . . .,Uk-i] Zk -r,Zk- r, Zi,zi, . . . , Zk-i,Zk-i] t,t) 

= m^i^\ui, . . . ,Uk; Zi,zi, . . . ,Zk - T,Zk -t;t,t) (3.10) 
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Since the left-hand side of (|3.9p and the right-hand side of (|3.1U|) are deter- 
mined uniquely by their values in the regions 1 > \e^'^^^^ \ > . . . > je^'^*^*! > 
Ig^l > and 1 > \e'^^''(^k-r)^ ^ le^'"*^!] > ... > \e^-^"k-^\ > > o, respec- 
tively, we see that the left-hand side of ()3.9|) must be equal to the right-hand 
side of ()3.10p . proving ()3.6|) in the case of m = 0. 

Combining the cases m = and n = 0, the proposition is proved. I 

From this result, we obtain immediately the following: 

Corollary 3.4 For ui, . . . ,Uk E F , there exists a unique smooth function of 
zi, . . . , Zk and t in the region Zi — zj ^ m + nr for i ^ j and 9(t) > such 
that in the region given by 1 > |e^'^*^^|, . . . , je^'^*^*^! > \qr\ > and Zi ^ Zj for 
i ^ j , this function is equal to \3. 5)) . 

We shall still denote the smooth function given in this corollary by ()3.5|) . 
Now we discuss the modular invariance of these functions. For any single 
valued analytic function /(r) of r and any r G -R, we choose branches of the 

multivalued analytic functions /(r)'' and {ji'^)^ be e^^"^-^^'^^ and e'''"^-^*^'^^ 
and still denote them by fijy and {j^'^)^ ■ particular, for a, /5, 7, 5 G M, 

ar + lSy riog(^) 



7r + 5 



e 



and 



•jT + 6 J \ 7r + 5 

— g o\ 7r + b ^ 

Definition 3.5 For ui, . . . ,Uk G V, the function ()3.5|) is invariant under the 
action of 

^) g5L(2,Z) (3.11) 



if 



zi zi Zk Zk of + (3 of + P 



JT + S 'JT + 5 'JT + 5 'JT + 5 'JT + S 'JT + S 

mf\ui, . . . ,Uk;zi,zi, . . .,Zk,Zk; t,t). (3.12) 
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A conformal full field algebra over is said to be invariant under the 
action of (|3.1ip if for all Ui, . . . ,Uk G V, (|3.12|) holds. If (|3.5|) is invariant 
under the action of all elements of SL{2,'Z), we say that ()3.5p is modular 
invariant. When the function ()3.5|) is modular invariant, we call it the genus- 
one correslation function associated to ui, . . . ,Uk & V. A conformal full field 
algebra over ® is said to be modular invariant if it is invariant under 
the action of all elements of SL{2, C). 



Since the modular group SL{2, Z) is generated by the elements 

S = 



1 
-1 



and 

T 



1 1 
1 



to see whether a conformal full field algebra over (S> is modular invari- 
ant, we need only discuss the invariance under these two particular elements. 
For the element T, we have: 

Proposition 3.6 A conformal full field algebra over ® is invariant 
under the action ofT if and only if = mod 24. 

Proof. In the region 1 > le^'^*^^!, . . . , je^'^*^*^! > Ig,-! > and Zi ^ Zj for i ^ j, 
for ui, . . . ,Uk & V , we have 

m''^\ui, ...,Uk; zi,zi, . . . , Zk,Zk;r + 1,t + 1) 
= Tr^mfc(W^(e2"'^^)W^(e-2"'^i)e-"*^''(°)Mi, 

271421 „-27rizi „27ri2fe p-27rizfe \ -f''^ I4 77-^^ W~ §4 

e , e , . . . , e , e j'It+i 'It+i 
= Tr,.mfe(W^(e'"'^^)W^(e-2"'^i)e-"*^''(°)ui, 

.g2^i(r+l)(L^(0)-||)g-2^*(T+l)(L«(0)-||) 

= Tri.mfe(W^(e2"^"^)W^(e-2"^^i)e~"*^''(°)ui, 
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.g2^ir(Li{0)-f|)g-2^ir(^'^(0)-||)g2^i(Li(0)-L«(0))g27ri£%^ 



e ,e ,...,e ",6 "j- 



■gr gr e 24 
= ... 2:1,^1, . . . ,2;fc,^fc; t", i")e (3.13) 

where we have used p.9|) . On the other hand, F is invariant under T means 

m^^^(Mi, . . . ^1,^1, . . . r + l,r + 1) 

= mJ.^^(Mi,...,Ufc;zi,Zi,...,Zfc,Zfc;^,i") (3.14) 

From (j3.13p and (j3.14p and the fact that (j3.5|) are not all (for example, it 
is not when -ui = ■ ■ ■ = = 1, we see that F is invariant under T if and 

only if e^'^* 24 = 0, or equivalently, = mod 24. I 

The invariance under 5* is the most important. We need to first intro- 
duce matrix elements associated to the actions of S on the chiral genus-one 
correlation functions. For a^,a^ E A^, let \y"']'^l\ \ i = 1, . . . ,N°'} A and 

{y'^La^-i M = 1) • • • 5 ^r^af} tie basis of the spaces V^l^l of intertwining oper- 
ators of types {^Ylw-^) ^1 ^ iK^a^l M = 1' • • • ' ^r«af }' 
{y^njil M = I5 • • • , ^a^a^^ basis of the space V^^^^ of intertwining opera- 

tors of types {^raRy^'^f)- From Theorem 12. 4t we know that for G , there 
exist S{y"l'^l\] y"V^?) for af , G i = 1, . . . , A^t ^, j = 1, . . . , ivt ^ 
and for G A^, there exist '^(3^r£^i' ^SS j) ^f^^^ ^ A^, i = 



1' • • • ' ^a«af' i = 1' • • • ' ^a«a«' ^^^^ ^^^^ 



1 \ Z 



r / r 
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E E ^(3^:^i'3Cfg)($(3CfS))K^,^;r) (3.15) 

for G VT'*" and 



L«(0) 

i''*' ' \ V y " 



R„R 

af ;(1) . ^,a2«;{2) w^n7»2'';{2) 



We need: 
Lemma 3.7 For w^r € VT*^^, 



r / r r 



AT 2 



(3.17) 



'fl^) ^i'^c t/ie matrix elements of the inverse of the ac- 
tion of S , that is, 



R 
N 2 



^^aRaR;V^aRaR;j)'^y^aRa^;j^^aRa§;k) ~ 



Proof. From (jH.Kij) . we see that the action of S maps ($(3^^^^^ .))(wafl; 2;; r) 
to 
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a^(l) 

So the inverse of the action of S maps ^{y^jf'^a.j){u)aR', z; r) to 

(*(J':£i;!.))f^-'°"'"'°'-v.;^;-i 



Thus we have 

(*(3d.:^ •)) ( e 



af;{l).. / -logrL«(OL„ 



r r 



AT 2 



= E E ^■'(3C^;f;'3C^|-)(*(3C^S))K«'^^-)' (3-18) 

Note that when r is in the upper half plane, so is — r. So we can substitute 
— r for r in (j3.18j) above. We also substitute —z for z and e"'^*^ ^^'^WaR for 
Wafl in ()H.18|1 . We obtain 



E E s-ny:l:'i!|.;j':f|')(*(y:lS))(e---"<»' 



(3.19) 

Note that e"''*'^^^") commutes with e"'°s("^)^^(°). Since < argr < tt, 
we have tt < argr < 2n, < arg— r < vr and < arg— ^ < tt. So 
arg— ^ = arg— r. Then by our convention, on W^^ , we have 

g-log(-r)L«(0) ^ g(-log|-r|-iarg(-r))L«(0) 
= g(loghihiarg(-i))L«(0) 
= glog(-^)L«(0) 
L«(0) 

=j . (3.20) 

Changing the order of e^'°^'*^~'^)^^('^) and e~'^*-^'^(°) and then using ()3.2()|1 . we 
see that gives (jTTTjl . I 

We now have: 
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Theorem 3.8 A conformal full field algebra overV^®V^ is invariant under 
the action of S if and only if 



N {m)r^ (n) r^'(m)r^ (n) 



/ > / , mn;ij '^\^rL{m)rL(n);i^ ^rL(m)aL;k) 



n=l i=l j=l 



E <S (3-21) 

pe(r-E')-i(ai)n(r«)-i(a«) 

form = 1, . . . , N , e , e A^, k = 1, . . . , N'^t, , ^, / = 1, . . . , N'^Z , ^ 

Proof. From the convergence property of the correlation function maps (see 
Definition II .ip . we see that all the functions of the form ()3.5|) are invariant 
under the action of S if and only if all the functions of the form ()3.5p with 
k = 1 are invariant under the action of S. We now show that all the functions 
of the form (j3.5|) with k = 1 are invariant under the action of S if and only 
if (nm|l holds. 

If ()3.21|) holds, then from ()3.2|) . the definition of g-g-trace of a map from 
F to F, (j3T5|) and (|3T7jl . we have 



1 \ ^-^(0) 

Tr^Y( W^(e"2-^)W^(e2-#) ( -- w,l 



T I 



24 ^ ^"^ 24 
1 



®(-=) w;,«(„);e 2"*^,e2"*^ )g_/ ' 

l,n=l i=l j=l 



r 
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T r 

n=l i=l j=l ^ ^ 



') 

J';»,'S»',„,. (««(e-*)e— -<») (-1) 

AT r-^{m)r-^(n) r-R(m)r^(n) 

n=l i=l j=l 

= E E E E 

fc=i ;=i a^e-A^ a«e^« 

(E E E 

"mn;ij l-^r-C'(m)ri(n);j' •^r^(m)ai:fc^'^ V-^r«(m)r«(n);i ' ^r«(m)a«;; 
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L R 



E E E E 

k=i 1=1 ai'eA^ a^eA^ 

E E E 

n=l i=l j=l 
,n;{l,l)^f^r^{n);{l) . ^a^;(2) n £.-1 /T;r«(n);(l) . ^a«;{2) 



X/ ^mM^^ 

A;=l ;=1 a^G^^ a«e^«pG{r-C')-i{ai)n(r«)-i(a«) 



E E E 

fc=l i=l p=l 

Tv„-..y;;t',f4,,(2^'(^"-')».-<„,.e--'),r'°'-* 

= m'i\wrL(^rn) ® WrR{m)] Z ,Z] T,t) . (3.22) 

Conversely, the calculation ()3.22|) also shows that if F is modular invari- 
ant, then inrini holds. ■ 
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4 /S-matrices associated to irreducible mod- 
ules 

We assume that \^ is a vertex operator algebra satisfying Conditions II .3111711 
and II .51 We shall continue to use the notations in the preceding sections, in 
particular, those in Section 2. 

For ai,a2 G A and y an intertwining operator of type (^y!^^^al), we 
consider 

Wa ^ ^(3^)K;r) 
for a G ^ and Wa G W"', where for Wa G W"', 

^(3^)K;r) = o 

when a a2 and 

^iy){Wa,;T) = ^y){Wa,;Z;T) 

when a = 02, and Gi;i is the space spanned by functions of r of the form 
'^{y){wa; t) for a, ai, 02 G ^ and 3^ an intertwining operator of type {^rY2i^a-i)- 
Here we use the notation '^{y){wa',T) instead of '^{y){wa; z;t) because it 
was shown in the proof of Theorem 7.3 in ^H7j that '^{y){wa2', t) is indeed 
independent of z. Let Ti-i be the space of all maps of the form '^{y) for 
ai, a2 E A and y an intertwining operator of type {y^2w^\)- 

Let Gi:2 be the space of all single-valued analytic functions on the uni- 
versal covering Ml of 

Ml = {(zi, Z2, t) e \ zij^ Z2 + pr + q ioT p,q e Z, r G H} 

spanned by functions of the form 

($(3^1 y2)){Wa,,Wa2; Zi, Z2; t) 

for 01,02,03,04 G A, G W"''^, Wa2 G W""^, and and 3^2 intertwining 
operators of types (^l^j^t^ag) and (^^j4^a4), respectively. This space is also 
spanned by the analytic extensions 

E{TTw'^ey3{U{e^-''^)y,{wa„z, - Z2)wa2,e'"^"^)g?°^~^) (4.1) 
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to the region given by 55r > 0, Zi ^ Z2 + kr + I for k,l ^ "Z, of functions of 
the form 

Tru.^6j'3(W(e'"*^^)3^4Ki,^i - Z2)wa,,e^''''')qr^'^'^' 

for 01,02,03,04 G A, G W"''^, G W""^, and 3^3 and intertwining 
operators of types {y^^a^) and (^^if^^aa), respectively. For 03 G A, let 
G"i^2 t>e the space of all single-valued analytic functions on the universal 

covering Mf of spanned by functions of the form ()4.ip for Oi , O2, O4 G A 
£ VT^S G 1^"^, and 3^3 and 3^4 intertwining operators of types 
and (vK^Uaa), respectively. 

Now for 01, 02, 03 G A, let {J^^^-l M = 1, • • • , K^aJ and {J^^^-l I ^ = 
1, . . . , N^^^^} be basis of the space V^j'^^ intertwining operators of type 
(^^^^2). We need the following result proved in |H6j: 

Proposition 4.1 For 01,02 G ^ ^/ie ma]:>s from W""^ ® VT"^ to Gi;2 given 
by 

03,04 G A, i = 1, . . . , N'^'^a-iJ 3 = Nala4,j 0,''^^ linearly independent. 

Similarly, for 01,02 G t/ie ma^^s /rom W""^ ® W"""^ to Qi-2 given by 

03, 04 G A; = 1, . . . , N^lai' ^ = 1, • • • , N^la2' '^'^^ linearly independent. 

For o G ^ and intertwining operators 3^i and 3^2 of types for intertwining 
operators of types {^-^a^ and {^.I^^^a'^), respectively, we consider the maps 

® 3^2) : U ® W^"3 ^ Gi;2 

Wa3®w74 ^ (^(3^1 ® 3^2)) (wa3 ^1,^2; t) 
for oi, 02 G ^, i = 1, . . . , iV„"„\ , j = 1, . . . , iV^"^„, , where 

(^(3^1 3^2))(wa3 ®ti;„j^;zi,2;2;r) = 
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when 03 7^ 02 and 

(^(3^1 ® 3^2)) K3 ® Wa^; 21, Z2] t) 

For a G let be the space spanned by hnear maps of the form 
^(3^1 ® 3^2) for Oi, 02 e ^ and for intertwining operators 3^1 and 3^2 of types 
(^^^^^J and {y^^y^a'^, respectively. For a G ^, we also let T^.^ be the space 
spanned by hnear maps of the form ^1^(3^1 ® 3^2) for ai, 02, as G A, 03 7^ a, 
and for intertwining operators 3^i and 3^2 of types (^^l^^jl^ai) and {y^^^a'.^), 
respectively. Let JF1.2 be the sum of JF".2 for a & A. We have: 

Proposition 4.2 For a G >4., i/ie intersection of jF^.g and jF^g is In 
particular, 

T l;2 = .Ff.2 © Ty^2 

and there exists a projection n : ^1-2- 

Proof. By PropositionO "^{yTS^yZ^i) «i' ^2, ^3 G A ^ = 1, • • • , Kla, 
and / = 1, . . . , N^'^^i are linearly independent. Thus the intersection of the 



space spanned by ^(3^:^;^;^ ® 3^,74^^,) for ai,a2 G ^ = l,...,iV-i^, / 

^aa^' and the space spanned by ^'(3^^3;^^^i, ® y^t'^i) for ai, 02, as e ^, 
a3 ^ a, A; = 1, . . . , N^^l^^ and / = 1, . . . , iV^"^^„, are 



In the remaining part of this section, {yala^i I ^ ~ ^1 ■ ■ ■ i^ala2} 
p = 1,2,3,4,5,6 are basis of the space of intertwining operators of type 

We have the following lemma which is a generalization of Lemma 4.2 in 



IHT0|: 

Lemma 4.3 For G U7a2 £ W^"^ o'^^^ "W^a' £ W°''2, we havc 



,a;{2) 

■2'' 

EE E E E E^-"-"-"'"'- 

ae,4 «=1 j=l aieA k=l 1=1 
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(4.2) 



and 



® 3^:2;,))^. ® ^1, z, + r; r) 

= E E E E E E e-'--".-'".' 

aaSyt i=l i=l 046^4 fc=l Z=l 

,a;(2) . ^ M7"3;(3)n ^ ^ n7"2;(4) 



(4.3) 



/n particular, for any ai,a2 G A, the maps from YiaaeA^^'^ ® W"''^ to the 
space of single-valued analytic functions on Mf given by 

Wa,®Wa'^ ^ (^(Xa;?®3^r2i))K3®«^4;^i,^2 + r;r) 
for G and Wat^ G W"-3 are in J-'i-2- 

Proof. Using the definition of (yaai^ ^y"^'^^) .„) , the genus-one associativity 



properties ((2.9) and (2.10) in jHTO]) and 

y{Wa,,x)Wa, G (4.4) 

wliere 



A(3^) = ha, - ha, - k 



a2 1 
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we obtain 

(^(X^S^ ® y:talM^a, ® Wat;, z„z,- 1; r) 



E E E^"H«^>y:g,;X';S»>'2S)- 



E E E J^-n3's«»3':S,;X';S»y5S 

a3^A i=l 3=1 

a^eA i=l j=l 
a4eA k=l 1=1 
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proving (|4.2p . 

The proof of (j4.3p is more complicated. Using the definition of "^{yaa'i^ ® 
y^'^g^^.q), the genus-one associativity properties ((2.9) and (2.10) in |H10j ). the 
L(0)-conjugation property, the property of traces, and (j4.4|) . 

{^{yZf-J ® yZ%,))(^^^ ® ^2 + r; r) 

= E(TrH.».3^:^S)(W(e2-^(^^+^))- 

= E E E ^"^(^S^ ® ^4.' --^^S) ® -13(3^;^^)) ■ 

as^A i=l j=l 

•£;(Tr^^ia23(3^:g!)(W(e2--)t..,, e^--) • 

■^i3(3^4;S)(W(e^-(-+-))^,,,e2-(-+^))g?°^-^) 

= E E E^"'K^?®^t'--(^|2)®--(0)- 

asG^ j=l j=l 

■E(Tr^..a23(3^:^|;)(W(e2--)t^,,, e^-^^^) • 

AT"! 

= E E E^''(^S^®^t'--(^|2)®--(0)- 

asG^ i=l j=l 

•E(TrH.a,a23(3^,t|l)(W(e2'^^^^)ti;.,, e^--^) • 

■g?°^'^ai3(3^:j;^;.)(W(e'^^^^)^a^,e^'^^^^)) 

= E E E^"'Ki!>^t'--(^|2)®--(0)- 

•£;(lY^.3ai3(J'5;'J)(W(e2-^^)^,. , e^-^^) • 

•^23(3^:^|!)(W(e2--)t.<,„e2--)g.^^°)^^). (4.5) 
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Using (2.22) in |JrL10j . the relations (Xga = 1, 0"230"i3 = cri23 and the genus- 
one associativity, we have 

E (Tr ai3 (3^:^;^^^^.) (^(e^-^^^ )«;,. , e^--^ ) • 

•^23(3^:^|!)(Z^(e2'^^^^)t^„„e2^^^^)g.^^°^"^) 

= i?(Tr^^30-2^3(^i3(3^2;^;.))(W(e^--)^,,,e2'^-) ■ 

•^23(3^5|!)(Z^(e^-^^^)t/;a2,e^--^)g.^^°^"^) 

= e-2-^»2E(Tr^„.3;;^|;(w(e2--i)e'^*^(°)ti;,,,e-2-^^^ ■ 

■^23(^13(3^5^;.)) (w(e^--)e-^^(°)^,, , e-^--)g.^^°^-^) 

= e-2-^«2E(Tr^„.3;;^|)^(w(e-2--^)e-^^(°)w,,,e- • 

■^123(3^2;;^]) (w(e-^--)e-^W^,, , e-2--)g?°^-^) 

(4.6) 

We now prove 
E{^w'^^'i^^ (w(e-2--^)e-^^(°)n;,„ ■ 

JVa4a3 a.2a'^ 

046.4 A;=l 1=1 

(4.7) 

To prove ()4.7|) . we need only prove the restrictions of both sides to a subregion 
of are equal. So we need only prove that 
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a4G^ fc=l i=l 



(4.8) 

holds when < \e-^^''^\ < \e-^^''^\ < 1 and < \e^^ii-^^+^2) _ i| < 1. 
From the genus-one associativity ((2.9) in |Hinj ). we see that in this region 
the left-hand side of ()4.8j) is equal to 



E E E^'o^Sl®--(>SS);>i|i®Ci:i)- 



046^1 fc=l 1=1 



24 



(4.9) 

Now in this region, because |e~^'^*^^| < \e^^'^^^^\, the imaginary part of Zi 
must be bigger than the imaginary part of Z2. Thus zi — Z2 is in the upper 
half plane. This means that arg(2;i — Z2) < and arg(2;i — 2:2) + vr < 2tt. 
So we have arg(— (zi — Z2)) = arg(zi — Z2) + vr. Now for any n G C, by our 
convention, 

— g"(log h(2i-22)|+jarg(-(2i-Z2))) 
_ ^n{log \ (zi~Z2)\+i a.rg{zi-z-2)+Tvi) 
_ gn{log(zi-22)+7rj) 

= ie^\z,-Z2)r. 

This shows that indeed when < \e~'^'^^^'^\ < |e~^'^*^^| < 1 and < 
|g27ri(-2i+22) _ i| < 1^ (g;^) ig equal to the right-hand side of (gSl) and 
holds. Consequently, we obtain (j4.7|) . 
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Using (2.22) in |JilOj and the L(0)-conjugation formula, we have 



(4.10) 

Combining (g^), (gS)), (glTj) and KWf . we obtain (|01). ■ 
For G A, we define 

«(^(3^:^S^ ® 3^:2;.)) : II ® w^"^ - (4.11) 

/3(^(3^:^S^ ® 3^:2;,)) : II w^'^^ ® w^'^^ - ^^i;2 (4.12) 

by 

(«(*(3^:^S'®3^:2,)))K3®^4) 

(^(3^:,lS®3^:2;,))K.®tt'4;^i,^2-l;r) 03 = 02, ^ 
ag 7^ as ' 

as 7^ 02 

for as e ^, Was ^ and i/;^^ G PF"'. 
Proposition 4.4 For 01,02 G A, we have 
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^-2mh, 



a4£A k=l 1=1 

•(^(3^::S ® ® r) (4.13) 



and 



^ g-2^ih„2 ^ ^ ^ ^ e'^*'^"* 
aseyt j=i j=i a4eyl fc=i «=i 

■(^(3^::S ® ® ^2; r) (4.i4) 

Proof. Using the definitions of a and 

(^(3^:^S^ ® y:Slj)i^a2 ® i^a^; ^1, r), 

()4.2|1 and Proposition 3.1 in |H10j . we liave 



= {^{y^S ® 3^:2J)K. ® ^2 - 1; r) 



E E E E E E e-"--"-.' . 

aeA i=l j=l aiGA k=l 1=1 

77'/->;ai;(3) „ -i;a3;(4). -i;ai;(5) „ -.,a4;(6)\ 



■E{Trw^.yZ%me'-^] 
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E E E E E E ■ 

a^A i=l 3=1 a4,&A k=l 1=1 



= e-'.. E E E 

a4eyi fc=l i=l 

® 3^::|2))(^- ® r), 

proving (j4.13p . 

Using the definitions of /3, 

"^(y^i^S ® 3^:;4;,))(^«^ ® ^^^^5 

and ()4.3p . we liave 



^(3^:^;!? ® yZa'J)i^a, ® ^a^; ^1, ^2 + T; t) 

E E E E E E 

aseyt i=l j=l 046^4 k=l 1=1 

,a;(2) . ^ M74;(3)n ^ ^ n7"2;(4) 



■F(3^|!®ai23(3^;1^5);3C:S®3C|!)- 



(I2<l2'' 

g-2^ift,2 J] ^ ^ ^ ^ ^ e"*'^"* 

az&A i=l j=l a^eA k=l 1=1 
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■(*(3^::S ® ® ^^^^^ r), 

proving ()4.14|) . ■ 
By Proposition 2.2 in |H10j . fix any basis {yaa^J | p = 1, . . . , A^^ai} ^-^^^ 

for ai, a2, a E A, p = I, . . . , N^^i ? = 1; • • • ? ^a2a'2 f*^^^ ^ basis of J-'i-2- 
We use 

and 

to denote the matrix elements of a and respectively, under the basis 
and 

Corollary 4.5 T/ie matrix elements of a and (3 are given by 

-2TTiha 



(4.15) 

and 



<1 



E E 

j=i j=i 

■FiyiSl ® ^123(3^^)' ® ^3) (4-16) 
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Proof. This corollary follows directly from the definitions of the matrix el- 
ements and the formulas (j4.13p and (j4.14p . I 

For a E A, we define an action of modular transformation S on J-'i-i as 
follows: For ai e A, k = 1, . . . , iV^^\ and Wa G W"-, let 



Here we have used our convention 

) 

g(log(-i))L(0)_ 



Note that by the modular invariance of genus-one one-point functions proved 
in |H7j (see Theorem l2.4p . S{'^{y){u; r)) is indeed in J^i-i. Thus we do obtain 
maps S : J-'i-i — > J-'i-i- 

For a E A, this action of S on J^i-i can be extended to an action of S on 
J-'i.2- For intertwining operators and 3^2 of types for intertwining operators 
of types i^w-i) (vK'w^)' respectively, we define 

(5(^(3^1 ®3^2)))K,w,/;zi,Z2;r) = 

when a 7^ 02 and 

((5(^(3^1 ® y2))){Wa„Wa'^;Zi, Z^, t) 

/ / / 1 \ m 



E\^rw^,yi\^U{e , ^ 
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E Trw.«i3^i W(e 



!2 
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■y 1 



We have: 

Proposition 4.6 We have the following formula: 

Sa^(5S. (4.17) 

Proof. We have 



L(0) 



■ylaL:a ( ( ^a2> ^1 " ^2 " 1 



L(0) 

L(0) 

r / 



= (*«S>»y:'4',)) (((-;) 



L(o) X / / 1 \ m 



1 1 r 

— — — -l; — 

T T 

L(0) N / / 1 \ ^-(0) 



1 1 r 

— ^1, — ^2; — 

T T T 



(•^ (« ( *a'i ,a2 ,e) ) ) ( , 'ti'ai ; ^1 , ^2 ; r) . 
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Thus we obtain (HTTfl . I 

For fixed a G A, we know that \E'(3^aal;p^) for ai E A form a basis of T^.^ 

and there exist unique S{yaai-p'; yaZfk) in C for ai, 02 G ^, p = 1, . . . , N^^^ 
and fc = 1, . . . , iV^^^ such that 

Clearly we also have 

Naa 

for ai, a2, 03 G A. 

The following theorem is a generalization of Theorem 4.6 in |H10j : 

Theorem 4.7 For 01,02,03 G A, we have 

k=l 

■(i?^-^^)^(-i2(3^-S) ® ai2(3CS);ai2(3CS) ® 

/v^e /v^e ^"/^ 

= E E E E-^""^^«S'^a- 

aeG^A r=l i=l j=l 

■F(3^;g -i23(3^;S); 3^|i ® 3C|1)- (4-19) 

Proof. This follows from ()4.17|) . ()4.15p and ()4.16|) immediately. ■ 



Corollary 4.8 For ai, 02, 03 G A, we have 
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/ J \^ azai\pi ^ aza2;r J 
r=l 

•^(3^:.a-l ® 3^at;i; 3^:e;l ® 3^:.a-l)- (4-20) 

Proof. This follows immediately from ()4.19p by taking CL4. — CI5 — 6. I 
Lemma 4.9 For any a E A, 

F{yL';l®ya'e;Vy:e;l®yL';l) = ^- 

Proof. Note that 3^|e i = ^ is the vertex operator map for the vertex oper- 
ator algebra and D^ea i = '^W'^ is the vertex operator map for the V^-module 
W^. For u,v e V, Wa E W°- and Wa' G W"-' , we have 

= ^(3^aa';l(^a, " Z2)Wa' , Z2)v) 

= {e'''^'-'\,Y{v,-Z2)yL';i{wa,zi-Z2)wa') (4.21) 

in the region \z2\ > \zi — Z2\ > 0. Since y^a'-i is an intertwining operator, 
we know that the product of Y and y^a'-i satisfy commutativity. Thus the 
analytic extension of the right-hand side of ()4.2H) to the region \zi — Z2\ > 
\z2\ > is equal to 

ie''^^^''u,y^^,.^{Wa,Zi- Z2)Ywa'{v,-Z2)Wa') 

= (M,e^^^(-i)3^1.iK,^i - Z2)Y^a'{v, -Z2)wa'). (4.22) 

Using the L(— l)-conjugation formula for intertwining operators and the def- 
inition of the intertwining operator y^i^.i, we see that in the region given by 
\zi — Z2\ > \z2\ > and |zi| > |z2| > 0, the right-hand side of ()4.22|1 is equal 
to 

{u,y:,,.^,iwa,z^)e^^'^^''^Y^Av,-Z2)wa') 

= {U, yL';l{Wa, Z,)y:;,^.^,{Wa', Z2)V). (4.23) 

Thus we see that the left-hand side of ()4.2H1 can be analytically extended 
to the right-hand side of ()4.23j) . Since the left-hand side of ()4.2H) and the 
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right-hand side of (|4.23|) are well defined in the regions 1 2:2 1 > I -2i — -22 1 > 
and 1^1 1 > 1^2! > 0, respectively, they are equal in the intersection \zi\ > 
\z2\ > — Z2\ > 0. By the definition of the fusing matrix element F{y^^,.^ ® 

3^a''e;l! 3^ee;l ® 3^aa';l)) ^CC that it is eqUal tO 1. I 

We also have: 



Lemma 4.10 For any 02, 03 G A, we have 



02 "2 



Proof. This follows directly from (3.3) in |HKj . 

For Oi, 02, 03 G A, let 

(■'Ov''^ = — 1= — ^=(-, ■)v°3 



where (■!')v;^\ the bilinear form constructed in |HKj . Then Proposition 
3.7 in jHKj actually says that (■, Ov^^a invariant under the action of 5*3. 
Now for 02, 03 G A, we choose 

«3;(2) _ ^ n/;"2;(6)^ 



for i = 1, . . . , A^",^„, , where {yf 't . . I i = 1, . . . , A^",^„, } is the dual basis of 
{3^aia2;i M = 1, • • • , ^af aa I wi^^ rcspcct to the bilinear form (-, 

The following result generalizes (5.15) in jHlOj . which, as was shown in 
|Hllj . is equivalent to the nondegeneracy of the semisimple ribbon (tensor) 
category of modules for V: 

Theorem 4.11 For 01,02, 03 G A, we have 

C(yai;(l) . T;a2;{6) N 
V^a3ai;p5 ^a3a2;r/ 

= w^(B(-''^)"MyzSl)®^i^^^^^^ 



(4.24) 
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Proof. By Lemma [4.101 we have 

- lO-132lJ'a3a2;rJ> ^12 1 J^aaaJ, ;q J Jy4 



12^2 



i^a2V^. (6) ^-Af^ 



'F . /FT 

12 Y 12 



'F X F 

12 V 12 



'F WF 

13 V 12 



12 



13 



^F WF 

13 V 12 



/3;i2;(6) yf2;(6)\ 

\^i3i2;''' ^a'^a'2;q 'Va^ 



P 



13 



Using Lemma f4.9[ ()4.25|) . the formula 



(^a\ e 



11 



and dOni), we obtain (jOD). 



Lemma 4.12 For ai, 02, 03 G we have 



a:ja2;rJ 



Proof. By (j4.18p and the definition of ^^^^ag, we have 



-27rji 



L(0) 
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a2&A r=l 

(4.27) 

On the other hand, we have 



a2&A r=l 

E E ^(^23(3^:3^;1);^23(3^:iaS))- 



a2e^ r=l 



Tr^<>.3^:3t;l(W(e2'^^^)^.3, e2-^^)g.^^°^-- . (4.28) 



From (lOTfl and (lOHll . we obtain 

The following result is a generalization of Theorem 5.6 in |H1 
Theorem 4.13 For ai,a2,a^ G A, we have 

Proof. From ()4.24|) . we obtain 



(4.30) 
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Using (3.1), (3.5), (3.12) in |H10j . the relations af^2 = ^123 = 0"i2C"23, 

0"1230"12 = Cri320"23, 0-120"l320"l2 = Cri23, Cri20"l230"l2 = 0-132 and ha = ha' for 

a E A, we obtain 

(^^-^^)'(^i2(3^3?) ® ^i32(3^S); 3^,, ® 3^,.i;,) 

= E E E ^(--(3^!?) ® -i32(3CS); 3^11 ® 3^1) • 

a4G-4 fc=l i=l 



Af7 Af ^ , 



E E E 

a4€A k=l 1=1 

■n<yUyzSl) ® ^i23(^i2(3/gj?)); ai23(3^£i) ® ^132(3^11)) • 

■^(^12(3^11) ® -12(3^i); 0-12(3^,1) ® ^12{yla'^.,,)) 



E E E 

a4G-4 /c=l i=l 
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■^(^L(3^S) ® ^i23(^i2(3^g;:o); c^i23(3^S) ® ^i32(3C;i!;)) • 

■F(^132(^12(3^;^i))®ai23(^12(3^|l)); 

^123(^12(3^:,.;;l))®0^132(0^12(3^,t^l))) 

^ ^ ^ ^-27rj(/i„4-h^^-h„J _ 
046^ k=l 1=1 

■n<yUy:iiSv) ® ^123(^12(3/^!?)); ^123(3^^) ® ^i32(3Cj|l)) • 

■F-^(ai2(ai32(ai2(3^2S))) ® ai2(ai23(ai2(3^::|l))); 

C^12(fTl23(f^l2(3^^iai;l))) ® 0^12 ((^132 ((^12 (3^2^;! ) ) ) ) 

E E E^(^i2(^23(3^S))® ^132(^23(3(^1?)); 



a'^&A k=l 1=1 
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ai.3(3^i)®cri32(3c|;;))- 



_^-27Ti{h^,^-hj^-ha2) 



(4.31) 

Substituting the right-hand side of ()4.3ip into the right-hand side of ()4.30p 
and then using ()4.24|) and ()4.26p . we obtain 



e 



^{B^-'^n^U^yZa^Sp)) ® ^132(^23(3^;?)); 3^,^, ® 3^,.^;i; 



sMy:£l);a23{yz£l)) 

siy:£l;y:!Si^. (4.32) 



5 Modular invar iance 

We now prove the modular invariance of the conformal full field algebras over 
V constructed in |HKj (see Section 2) for V satisfying the conditions in 
the preceding two sections. 

Theorem 5.1 The conformal full field algebra overV^V given in Theorem 
li.iSI is modular invariant. 

Proof. By Theorem 13. 8[ we need only verify ()3.21|) . In this case, = 
= A and we can identify the set {1, . . . , N} with A. The map as a 
map from ^ to ^ is the identity map and the map ^ as a map from ^ to ^ is 
the map Using the basis of the intertwining operators that we choose in the 
construction of the conformal full field algebra over V ^ V , for ai, a2 & A, 
we have (ia^^ij'.ij' ~ ^v- ^^^^ ^^^^ left-hand side of ()3.21|) is equal to 

IV"! ^ } I 

X] X] ^ij^O^aav/^yali^k)^ ^ (3^a'a'i;ji ^^a'^; J 
aiGA i=l j=l 
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ai£A i=l 
= 5a2ao,5kl 

Yl (5.1) 

a4e(ri')-i(a2)n(rfl)-i(4) 

which is indeed equal to the right-hand side of ()3.2H) . By Theorem 13. 8| the 
conformal full field algebra over is modular invariant. ■ 
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